Abstract. Let σ be an involution of a real semi-simple Lie group U , U0 the subgroup fixed by σ, and U/U0 the corresponding symmetric space. Ferus and Pedit called a submanifold M of a rank r symmetric space U/U0 a curved flat if TpM is tangent to an r-dimensional flat of U/U0 at p for each p ∈ M . They noted that the equation for curved flats is an integrable system. Bryant used the involution σ to construct an involutive exterior differential system Iσ such that integral submanifolds of Iσ are curved flats. Terng used r first flows in the U/U0-hierarchy of commuting soliton equations to construct the U/U0-system. She showed that the U/U0-system and the curved flat system are gauge equivalent, used the inverse scattering theory to solve the Cauchy problem globally with smooth rapidly decaying initial data, used loop group factorization to construct infinitely many families of explicit solutions, and noted that many these systems occur as the Gauss-Codazzi equations for submanifolds in space forms. The main goals of this paper are: (i) give a review of these known results, (ii) use techniques from soliton theory to construct infinitely many integral submanifolds and conservation laws for the exterior differential system Iσ.
Introduction
Let G be a complex semi-simple Lie group, τ an involution of G such that its differential at the identity e is complex conjugate linear, and σ an inovlution of G such that the differential is complex linear. Assume that τ σ = στ.
(1.1)
Let U be the fixed point set of τ , i.e., a real form of G. We will still use τ, σ to denote dτ e and dσ e respectively. Let G, U denote the Lie algebras of G and U respectively. Since σ and τ commute, σ(U ) ⊂ U . So σ|U is an involution of U . Let U 0 , U 1 denote the +1, −1 eigenspaces of σ on U. Then
The quotient space U/U 0 is a symmetric space, and the eigen-decomposition U = U 0 + U 1 is called a Cartan decomposition. Ferus and Pedit ([8] ) called a submanifold M of a rank r symmetric space U/U 0 a curved flat if T p M is tangent to an r-dimensional flat of U/U 0 at p for each p ∈ M . They noted that the equation for curved flats is an integrable system. Bryant ([6] ) used the involution σ to construct a natural involutive exterior differential system I σ such that integral submanifolds of I σ in U project down to curved flats in U/U 0 . Terng ([12] ) used r first flows in the U/U 0 -hierarchy of commuting soliton equations to construct the U/U 0 -system. She showed that the U/U 0 -system and the curved flat system are gauge equivalent, used the inverse scattering theory to solve the Cauchy problem globally with smooth rapidly decaying initial data ( [12] ), used loop group factorization to construct infinitely many families of explicit solutions ( [14] ), and noted that many these systems occur as the GaussCodazzi equations for submanifolds in space forms ( [12, 15] ). The main goals of this paper are: (i) review some of these known results, (ii) use techniques from soliton theory to construct infinitely many integral submanifolds and conservation laws for the exterior differential system I σ .
We review the definitions of these systems next. An element a ∈ U 1 is called regular if (i) A := {y ∈ U 1 | [a, y] = 0} is a maximal abelian subspace in U 1 , (ii) Ad(U 0 )(A) is open in U 1 . Let ( , ) be an ad-invariant, non-degenerate bilinear form on U. Given a linear subspace V of U let V ⊥ = {y ∈ U | (y, V ) = 0}.
Assume that U/U 0 has rank r. Let A be a maximal abelian subspace in U 1 , and let a 1 , . . . , a r ∈ A be regular and form a basis of A. The U/U 0 -system (cf. [12] ) is the following PDE for v : R r → U 1 ∩ A ⊥ :
These systems occur naturally in submanifold geometry. For example, the Gauss-Codazzi equations for isometric immersions of space forms in space forms ( [9, 12, 2] ), for isothermic surfaces in R n ( [7, 2] ), and for flat Lagrangian submanifolds in C n or in CP n ( [15] ). The U/U 0 -system also arises naturally from soliton theory (cf. [12] ). In fact, given 1 ≤ i ≤ r, b ∈ A, and a positive integer j, the (b, j)-th soliton flow in the U/U 0 -hierarchy is a certain partial differential equation for v :
For example, the second flow in the SU (2)-hierarchy is the NLS (non-linear Schrödinger equation), the third flow in the SU (2)/SO(2)-hierarchy is the modified KdV equation, and the first flow in the SU (3)/SO(3)-hierarchy is the 3-wave equation. The U/U 0 -system (1.2) is given by the collection of the (a j , 1)-flows with 1 ≤ j ≤ r in the U/U 0 -hierarchy. The curved flat system associated to U/U 0 (cf. [9] ) is the following first order system for (A 1 , . . . , A r ) :
It is known that solutions of the curved flat system give rise to curved flats in U/U 0 ( [8] ). Let α = g −1 dg be the Maurer-Cartan form on U . Write α = α 0 + α 1 with respect to the Cartan decomposition U = U 0 + U 1 . Let I σ be the exterior differential ideal generated by α 0 . It was observed by Bryant ([6] ) that (U, I σ ) is involutive and the PDE for the exterior differential system I σ is the curved flat system (1.3). If f : O → U is a maximal integral submanifold of the exterior differential system (EDS) (U,
is a solution of the curved flat system (1.3) with respect to any coordinate system y. Use the Cartan-Kähler Theorem we can see that the curved flat system should only depend on n functions of one variable, where n = dim(U 1 ) − r. But the curved flat system (1.3) is a system of r(r − 1)/2 equations of nr functions. This indicates that the curved flat system has many redundant functions and we probably can use geometry to find a special coordinate system on integral submanifolds so that their PDE involves only n functions. This is indeed the case. We can find a special coordinate system x on an integral submanifold of (U, I σ ) so that the corresponding PDE written in x coordinate is gauge equivalent to the U/U 0 -system. Since the curved flat system is gauge equivalent to the U/U 0 -system, we can use techniques from soliton theory to construct infinitely many explicit integral submanifolds and conservations laws for the exterior differential system I σ . This paper is organized as follows: We explain the gauge equivalence of the U/U 0 -system and the curved flat system in section 2, give a brief review of theory of exterior differential systems in section 3, and give Bryant's proof that the exterior system I σ on the Lie group U is involutive in section 4. Finally in section 5, we explain how to use the Birkhoff loop group factorization to construct infinitely many families of explicit solutions and commuting flows for the U/U 0 -system and conservation laws for I σ .
2. The U/U 0 -system Let G, τ, σ, U, U 0 be as in section 1, U/U 0 the corresponding symmetric space, U = U 0 + U 1 its Cartan decomposition, and ( , ) be an ad-invariant, non-degenerate bilinear form on U.
Note that the U/U 0 -system (1.2) can be also defined invariantly as a system for maps v : A → U 1 ∩ A ⊥ so that [da, v] is flat, where da means the differential of the identity map a(ξ) = ξ on A. When we choose a basis a 1 , . . . , a r of A, the system becomes (1.2). Change basis of A amounts to linear change of coordinates of R r .
The U/U 0 -system (1.2) and the curved flat system (1.3) are gauge equivalent. To explain this we first recall some known Propositions, which can be proved by direct computations.
Proposition 2.1. The following statements are equivalent for smooth maps
The following statements are equivalent for v : 
The flat connections θ λ and ω λ are called Lax connections of the U/U 0 -system and the U/U 0 curved flat system. A map ξ : C → G is said to satisfy the U/U 0 -reality condition if
It follows from the definition that ξ(λ) = j ξ j λ j satisfies the U/U 0 -reality condition if and only if ξ j ∈ U 0 if j is even and ξ j ∈ U 1 if j is odd. Note that both Lax connections θ λ and ω λ satisfy the U/U 0 -reality condition. It follows from Proposition 2.1 that if v is a solution of the U/U 0 -system then there exists a unique E(x, λ) so that
Since θ λ satisfies the U/U 0 -reality condition, E also satisfies the U/U 0 -reality condition:
We call such E the parallel frame of the Lax connection θ λ associated to v.
The following Proposition says that solutions of the U/U 0 -system give rise to solutions of the curved flat system.
, and E(x, λ) the parallel frame of the corresponding Lax connection θ λ defined by (2.1). Let g(x) = E(x, 0), and
A direct computation implies
is a solution of the curved flat system (1.3) associated to U/U 0 , then there exists a smooth map f : R r → U such that f satisfies the following conditions:
is a solution of the curved flat system (1.3).
the induced metric on O is flat.
The following Theorems give explicit algorithms to construct flat abelian submanifolds in U 1 and curved flats in the symmetric space U/U 0 from solutions of the U/U 0 -system. The proofs can be found in [15] . For g ∈ U and x ∈ U , g * x = gxσ(g)
defines an action of U on U (it is called the σ-action). The orbit at e is
Since the isotropy subgroup at e is U 0 , the orbit M is diffeomorphic to U/U 0 . In fact, M is a totally geodesic submanifold of U and is isometric to the symmetric space U/U 0 . This is the classical Cartan embedding of the symmetric space U/U 0 in U .
Theorem 2.8. ([15]) With the same assumption as in Theorem 2.4, and set
Then ψ is a curved flat in the symmetric space U/U 0 . Conversely, locally all curved flats in U/U 0 can be constructed this way.
, then there exists a local coordinate system x near 0, a regular basis {a 1 , . . . , a r } of the maximal abelian subspace A = Im(df 0 ), g : O → U 0 , and a solution v :
, where E(x, λ) is the parallel frame for the Lax connection θ λ corresponding to v.
Proof. Since generically all maximal abelian subalgebra are conjugate under elements of U 0 , there exist g :
This implies that
So there exist a local coordinate change x = x(y) and constant a 1 , . . . , a n in A such that
Up to a linear change of coordinates of x, we may assume that a i 's are regular. Note the kernel of ad(a i ) on U 1 is A, and the tangent plane of the orbit Ad(
To prove the converse, note that
Remark 2.10. The maps g and v in Theorem 2.9 are essentially unique. To see this, suppose we have g,g so that
The first equation implies h is a constant. Since h −1 vh ∈ U 1 ∩A ⊥ and ad(a i ) is injective on U 1 ∩ A ⊥ , the second equation implies that h −1 vh =ṽ. This proves thatg = gh andṽ = h −1 vh for some constant h ∈ (U 0 ) A .
Basics of exterior differential systems
We give a brief account of Cartan-Kähler theory based on the lectures given by R. Bryant at MSRI in 1999 and 2003 (cf. [3] for details and references).
Let M be a smooth manifold, and Ω * (M ) the graded algebra of differential forms on M . An ideal I of Ω * (M ) is called a differential ideal if I satisfies the following conditions:
An exterior differential system (EDS) is a pair (M, I) consisting of a smooth manifold M and a differential ideal I ⊂ Ω * (M ).
A submanifold N ⊂ M is called an integral submanifold for the EDS (M, I) if i * I = 0, where i : N ֒→ M is the inclusion. In local coordinates this condition can be written as a system of PDE (or ODE).
A linear subspace E ⊂ T p M is said to be an integral element of I if ϕ| E = 0 for all ϕ ∈ I. The set of all integral elements of I of dimension n is denoted v n (I). A submanifold of M is an integral submanifold of I if and only if each of its tangent space is an integral element of I.
Note that v n (I) ∩ Gr n (T p M ) is a real algebraic sub-variety of Gr n (T p M ), which may be very complicated. The set of ordinary integral elements v o n (I) ⊂ v n (I) consists of those which are locally cut out 'cleanly' by finite number of n-forms in I, so that the connected components of v o n (I) are smooth embedded submanifolds of Gr n (T M ). The rigorous definition can be found in [3] .
Let {e 1 , · · · , e n } be a basis of the linear subspace E of T p M . The polar space of E is defined to be the vector space
When E ∈ v n (I), a (n + 1)-plane E + containing E is an integral element of I if and only if E + ⊂ H(E). Define
This
We state the following two theorems that are given in [5] :
Then there exists a unique connected real analytic (n + 1)-dimensional integral submanifoldÑ such that N ⊂Ñ ⊂ R .
A regular flag is a flag of integral elements
where E j ∈ v r j (I) for 0 ≤ j < n and E n ∈ v n (I). Note that E n may not be regular, but one can show that it must be ordinary. By applying Cartan-Kähler Theorem repeatedly to this flag, one can show that there is a real analytic n-dimensional integral manifold N ⊂ M passing through p and satisfying The Cartan characters of the flag F are the numbers
with the convention c(E −1 ) = 0 or H(E −1 ) = T p M . These numbers exhibit the generality of integral submanifolds. Roughly speaking, the integral manifolds near N will depend on s 0 constants, s 1 functions of one variable, · · · , s n functions of n variables. A connected open subset Z of v o n (I) is called involutive if every E ∈ Z is the terminus of a regular flag. When Z is clear from the context, we simply say that our EDS (M, I) is involutive.
Suppose (M, I) is an EDS with n-dimensional integral submanifold. A conservation law for (M, I) is an (n − 1)-form φ ∈ Ω n−1 (M ) such that d(f * φ) = 0 for every integral submanifold f : N n ֒→ M of I. Actually, one only considers as conservation laws those φ such that dφ ∈ I. Two "trivial" type of conservation laws are φ ∈ I n−1 or φ being exact on M . Factoring out these cases, the space of conservation laws is defined to be C = H n−1 (Ω * (M )/I). It also makes sense factor out those conservation laws represented by closed (n − 1)-forms on M (then the quotient space is called the space of proper conservation laws). One can study the symmetries of the EDS and then apply Noether's Theorem to compute the corresponding conservation laws (cf. [4] for details). Let I σ ⊂ Ω * (U ) be the differential ideal generated by the components of α 0 . It follows from the Maurer-Cartan equation that
Involutivity of the EDS (U,
Here , denotes the algebraic ideal generated by the enclosed forms.
The following Proposition was proved by R. Bryant.
Proposition 4.1. ([6]) The EDS (U, I σ ) is involutive.
Proof. Since everything is homogeneous, we only need to look at the integral elements E ⊂ T e U = U.
. For generic such x, H(Rx) will be a maximal abelian subalgebra of U 1 , and set dim H(Rx) = dim A = r. Therefore
. Furthermore, when Rx ∈ v r 1 (I σ ), every subspace E of H(Rx) containing Rx is also regular and has H(E) = H(Rx). Thus generic E ∈ v o r (I σ ) is the terminus of a regular flag, and our EDS is involutive. In fact, every regular integral curve of I σ lies in a unique r-dimensional integral submanifold of I σ , or locally the integral submanifolds depend on s 0 = dim U −dim U 1 constants and s 1 = dim(U 1 ) − r functions of one variable (since s 2 = · · · = s r = 0). 
Hence the PDE for the EDS (U, I σ ) is the curved flat system (1.3) associated to U/U 0 .
As a consequence of the Cartan Kähler Theorem 3.1, Proposition 4.1 and Corollary 4.2 that real analytic curved flats in U/U 0 or real analytic solutions of the curved flat systems (1.3) depend only on dim(U 1 ∩ A ⊥ ) functions of one variable along a non-characteristic line.
By Theorem 2.9, there is a special coordinate system x on R r so that the curved flat system (1.3) written in x coordinate system is gauge equivalent to the U/U 0 -system (1.2). The Cartan-Kähler theory implies that the Cauchy problem of the U/U 0 -system has a unique local solution for any given local real analytic initial data on the x 1 -axis. But it was also proved in [12] using the inverse scattering theory of Beals and Coifman ( [1] ) that given any smooth rapidly decaying function v 0 : R → U 1 ∩ A ⊥ , there exists a unique smooth solution v :
Although the theory exterior differential system seems to give a weaker result concerning the Cauchy problem, it may prove to be a very good tool to detect "integrablility". Remark 4.3. Let G, τ, U be as above, and ρ an order k automorphism of G so that dρ e is complex linear. Assume that
Let G j denote the eigenspace of dρ e with eigenvalue e 2πij k , and
the decomposition of α with respect to (4.1). Let I ρ denote the differential ideal on U generated by α 0 , α 2 , . . . , α k−1 . Then
We define regular elements in K 1 the same way as before, namely, a ∈ K 1 is regular if it is contained in a maximal abelian subspace A in integral submanifold of (U, I ρ ). (4) The curved flat system associated to U/K is the system (1.3) for (A 1 , . . . , A r ) : R r → K 1 , and the U/K-system is the system (1.2) for v : R r → K k−1 . Modulo a change of coordinate system of R r , these two system are gauge equivalent. (5) Given an immersion f : R r → U , the following statements are equivalent: (a) f is an integral submanifold of (U, I ρ ),
is a solution of the curved flat system associated to U/K. (6) The PDE for the EDS (U, I ρ ) is the curved flat system associated to U/K.
Conservation laws and commuting flows
We construct infinitely many conservation laws and commuting flows for the U/U 0 -system, and indicate how to construct infinitely many explicit solutions of the U/U 0 -system. First we review the Birkhoff Factorization Theorem (for detail see [10] ). Let ǫ > 0 be a small number, and
such that g can be extended to a holomorphic map in C, and L − (G) the subgroup of g ∈ L(G) that can be extended to a holomorphic map in O ǫ and is equal to the identity e at ∞. 
is one to one, and the image is an open dense subset of L(G).
In other words, for generic g ∈ L(G), we can factor g = g + g − uniquely with g ± ∈ L ± (G). Letê denote the constant map from O e \ {∞} to G with constant e. Sinceê lies in the image of the multiplication map µ, there is an open subset ofê so that all elements in this open subset can be factored uniquely.
Letτ andσ denote the map on L(G) defined by
It is easy to check that (1)τ andσ are conjugate linear and complex linear involutions of L(G), (2) g ∈ L(G) is a fixed point of bothτ andσ if and only if g satisfies the U/U 0 -reality condition:
± (G) denote the subgroup of fixed points ofτ andσ of L(G) and L ± (G) respectively. Then we have
is one to one and the image is open and dense in L τ,σ (G).
We want to use this factorization to construct infinitely many solutions and commuting flows for the U/U 0 -system. Given b ∈ A and j > 1 an odd integer, x ∈ R r , and t ∈ R, let e A (x, t) ∈ L τ,σ
Given f ∈ L τ,σ − (G), since e A (0, 0) =ê is the identity in L τ,σ (G) and e A is smooth from R r × R to L τ,σ (G), by Corollary 5.2 there is an open subset of (0, 0) in R r × R so that we can factor f −1 e A (x, t) uniquely as
where
denote the Taylor series of (m(
We want to explain how to compute Q c,n , m −1 dm and E −1 dE next. To do this, we take ∂ x i of (5.1) to get
Multiply E −1 on the left and m on the right of the above equation and use
Take ∂ t of (5.1) and use a similar calculation to get
Note that E −1 E x i and E −1 E t lie in the Lie algebra L 
. Then (5.4) and (5.5) imply that
So we get
Moreover, for each t ∈ R, v(· · · , t) is a solution of the U/U 0 -system.
So the coefficient of λ −1 of the left hand side has to be zero, i.e.,
But this implies that there exists v : R r × R → U 1 ∩ A ⊥ so that
By (5.7) and Proposition 2.1 we see that i (a i λ + [a i , v])dx i is a flat Gvalued connection on R r for all λ ∈ C. Hence for each fixed t, v(· · · , t) is a solution of the U/U 0 -system.
The following is well-known (cf. [11, 13] ):
Proof. A direct computation gives
Substitute (5.2) to the above equation to get
Compare coefficient of λ −j of λ −j of (5.10) to get (5.9). It was proved in [11, 13] 
Use (5.7) and Proposition 2.1 to see that
is a flat connection on R r × R for all λ ∈ C. It follows from the recursive formula (5.9) and the flat equation
The first set of equations just means v(· · · , t) is a solution of the U/U 0 -system for each t, and the second set of equations give the flow on the space of solutions of the U/U 0 -system. Let A C denote the subgroup of G whose Lie subalgebra is A ⊗ C, and L τ,σ
Given b ∈ A and j a positive integer, then ξ b,j lies in the Lie algebra L τ,σ + (A ⊗ C), where ξ b,j (λ) = bλ j . Let e b,j (t) be the one-parameter subgroup in L τ,σ + (G) generated by ξ b,j , i.e., e b,j (t)(λ) = e bλ j t .
It was proved in [13] that if v(x, t) is a solution of (5.11) then
is the dressing action of e b,j (t) ∈ L τ,σ + (A C ) on the space of solutions of the U/U 0 -systems. The second set of equations of (5.11) is the vector field on the space of solutions of the U/U 0 -system corresponding to the one-parameter subgroup generated by ξ b,j . Since the group L τ,σ + (A C ) is abelian, the flows generated by these ξ b,j are commuting. So we have Theorem 5.6. ( [12] , [13] ) Given b ∈ A and a positive integer j, the flow 12) leaves the space of solutions of the U/U 0 -system (1.2) invariant. Moreover, all these flows commute.
We sketch the method of constructing solutions of the U/U 0 -system below.
Proof. Use the same computation as for the proof of (5.6a) to conclude that
A direct computation implies that
Hence we have shown that
Remark 5.8. It was proved in [14] that if each entry of f ∈ L τ,σ − (G) is a meromorphic function on S 2 = C ∪ {∞}, then the factorization (5.13) can be carried out explicitly using residue calculus. In particular, m(x)(λ) and E(x, λ) = E(x)(λ) can be given by explicit formulas. Therefore, we get explicit solutions v = (m −1 ) ⊥ for the U/U 0 -system. Since the parallel frame E(x, λ) for the solution v is also given explicitly, it follows from Corollary 4.2 and Theorem 2.9 that F (x) = E(x, 1)E(x, 0) −1 is an explicit integral submanifold of the EDS (U, I σ ).
Next we derive conservation laws of the flows for the U/U 0 -system. Theorem 5.9. Let c, b ∈ A, and n a positive integer. Then
(5.14)
In particular, (Q c,n , a ℓ )dx ℓ ∧ ( * (dx i ∧ dx j )).
Then ψ ij c,n is a closed (r − 1)-form on the integrable submanifold. In other words, ψ ij c,n is a conservation law for the EDS (U, I σ ) for all 1 ≤ i < j ≤ r, c ∈ A, and positive integer n. (We used the Jacobi identity for the first line of the computation above). This proves (5.17) for j = 1. Now assume (5.17) is true for j and we want to prove the identity for j + 1. We compute As a consequence, we see that R r (Q c,n , a i )dx 1 ∧ · · · ∧ dx r is a conserved quantity for the flow (5.12) on the space of rapidly decaying solutions of the U/U 0 -system.
